Signals & Systems - Chapter 5

1S. Use the Fourier transform analysis equation to calculate the Fourier transforms of:

&) () uln -1 ) ()"

Solution: For discrete-time Fourier transform, we have:

1 W, : :
x[n]=— J.X (e”)e”"dw Synthesis equation

27 5.
X(e™) = Z x[nle ™" Analysis equation
a)
X ()= ZX[n]e_""'" Analysis equation
jw — 1 n—1 _—jwn = 1 n _—jw(n+l) —jw < 1 —jw !
X(eM) =2 e M= (e ="y | e
n=1 2 n=0 2 n=0 2
Apply Infinite Sum
. L 1
X(e/vv):e Jw 1
I—(=e
( 5 )
Note
X 1+a" o - 1
We have Finite sum Za” = ] and if [aj<1 & N « then we have infinite sumZa” = "
n=0 - n=0 —da
b)
. +00 .
X)) = Zx[n]e_"w" Analysis equation
N |
X e/w (n—1) —/wn + (n—-1) —/wn — n —/w( n+l) + )n —jw(n+l)
( Z( ) Z( ) Z > Z(
w —jw < 1 jw —jw —Jjw
X(e™)=(e” )Z(@ef j +(e” )Z(( e j
n=0
Apply Finite Sum
) —jw —jw
X(e")=—S5—+—5
I——e™™ 1——e¢™
2
1U. Use the Fourier transform analysis equation to calculate the Fourier transforms of:
1 1
a) — n+l u[n‘l'l] b) - In—51
( 2) ( 2)
Solution:
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1 o . .
xn]=— J-X (e™)e™" dw Synthesis equation
27 5.
X(e")= z x[n]e ™" Analysis equation

n=—oo

2S. Use the Fourier transform synthesis equation to determine the inverse Fourier transform of:

a) X,(e™) =3 {478(w—4mk) + 28 (0~ 2= 37 + 275w+ 5~ 370))

k=—oc0

X,(e™)= 2j for O<w<rzx

b)
-2j for —x<w<0
Solution:
a)
A[n]= e j X(e™)e™dw  Synthesis equation
2.
1 2 T T jwn
x[n]= Ey I z {476 (w — 47k ) + 270 (w — 5 37k) +27m0(w + 5 37k) e’ dw
O
il == [(4m80n) + 2180w - Z) + 250w+ ) e
2 <. 2 2
x[n] = 261'0 + e,i(ﬂ/Z)n + e—j(ﬂ/Z)n =24+ 2COS(ﬂn/2)
b)

1 o
x[n]=— J-X (e™)e™ dw Synthesis equation
27 ;.

1_e+jnﬂ' e—jnﬂ' _1
jn jn

1 F. .. |
x[n]l=—|2je’""dw——|2je’""dw=(jl 7)| — +
(n] 27[{ J 27[_]; J (J ){ :

x[n]= %[—1 +Cos(nm)]=—(4/(nx))sin’ (nz/2)
n

2U. Use the Fourier transform synthesis equation to determine the inverse Fourier transform of:

a) X,(e")=Y {27[5(w—27dc)+7r5(w—%—27d<)+7r5(w+%—57d<)}
k=—c0
X,(e")= 5j for 0<w<2x/3
b) -5j for -27m/3<w<0
0 Otherwise

Solution:

3S. Given that x[n] has Fourier transform X(e'"), express the Fourier transform of the following signals in
terms of X(e'"). You may use the Fourier transform properties table.
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a) xq4[n] = x[1 = n] + Xx[-1 —=n]

by xefn] = x*[—n]2 +x{n]
c) xs[n] = (n = 1)’x[n]
Solution:

a)

Time Reversal :  x[-n]—2— X (e™")
Time Shlf‘t X[n—nO]LejW”OX(ejW)
Therefore

xfn] = 1= nl+ o ~1 = n]—Zs 7 X () + e X (e7) = 2X (¢ ) cos w

b)
Time Reversal :  x[-n]—=— X (e™ ")
Conjugation Property: x [n]—2—=X (e™")
Therefore
an]= (1 2){x T-n]+ dln]} =1/ 2){X " (e™) + X (¢™)} = Real{X (™))
c)
Jjw
Differentiation in Frequency: nx[n]—>— j anEe )
w
2X jw
Differentiation in Frequency Again: n’x[n]—= _d d(i )
w
Therefore
2 w Jjw )
anl = (n—17x{n] = (n = 2n + Dafn]—T—s - L XCT) 5, dX(ET) |y (oim)
dw dw
3U. Given that x[n] has Fourier transform X(e'"), express the Fourier transform of the following signals in

terms of X(e'). You may use the Fourier transform properties table.
a) x4[n] = x[1 + n] + x[1 —n]

2x[—n]+4x*[n]

b) xz[n] = 3

c) xs[n] = (n +3)*x[n-1]

Solution:

4S.

For each of the following Fourier transforms, use Fourier transform properties table to determine
whether the corresponding time-domain signal is (i) real, imaginary, or neither and (ii) even, odd, or

neither. Do this without evaluating the inverse of any of the given transforms.
10

a) X(e"™) = e (sinkw)
k=1

b) X(e'") = j sin(w) cos(5w)

c)
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X(e) = A(w)+e "

where B(w)=—37w+7r and A(w)= 1 for OS|W|S%
0 for %<IW|S7Z

Solution:
Relevant Properties (Source Properties Table)
1) X(e") real and even - x[n] real and even
2) X(e'") purely imaginary and Odd - x[n] real and odd
3) X(e') pure imaginary - x[n] real
4) X( pure real - x[n] real

el

)
")
We have property #2 therefore the reverse is true also meaning

2’) x4[n] real and odd > X1(ejw) purely imaginary and Odd
We see that X, (e”) = 1Zo:(sin kw) is real and odd therefore Corresponding signal x4[n] is purely
imaginary and odd. -
—jw

x[n]=x4[n-1] to count for e

therefore x[n] is also purely imaginary but it is neither odd or even.

Since X(e') is purely imaginary and odd = x[n] is real and odd (Property #2)

c) . .
Since X(e") = X*(e™) = x[n] is real but neither odd or even.

4U.

For each of the following Fourier transforms, use Fourier transform properties table to determine
whether the corresponding time-domain signal is (i) real, imaginary, or neither and (ii) even, odd, or
neither. Do this without evaluating the inverse of any of the given transforms.

15
a) X(e"™) = e ) (sinkw)
k=2

b) X(e™) = j sin(3w) cos(2w)

c)
X(e™) = A(w)+e "

where B(w)=+57w—7[ and A(w)= 1 for 0S|W|S%
0 for %<IW|S7Z

Solution:

5S.

Compute the Fourier transform of each of the following signals:
a) x[n] =u[n-2] —u[n - 6]
b) x[n] = (1/3)" u[-n - 2]
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c) x[n] = (1/2)"™ cos{(n/8)(n-1)}
d) x[n] = sin(n7/2) + cos(n)
sin(zm/5) r

e) x[n] = (——=)cos(—n)
m 2

Solution:

a) We can rewrite the signal as

x[n]=0[n—2]+9[n—-3]+0[n—4]+[n-75]
Based on transformation table & time shift property

x(e_]W) :e—jZW +e—j3w +e—j4w +e—j5w

b) Use the Fourier Transform Equation

oo o n+2 oo n
X(ejW)_ zxn]e—jwn _ z( )—n —jwn Z l le‘l :Z(lejwj :lejZWZ(lejwj
= 3 3 9 3

n=—oo n=—oo n=0 n=0
.. 1
Finite sum Za" = where a<1
n=0 1 —a
Jj2w
. e
X(e")=—-—
1——e™

c) Use the Fourier Transform Equation
ﬂ(n 1) . Z(n=1)

X(ejw)=zm:x[n]e_f”" Z( —)"co 7z(n 1) e M = — Z( )'{ s pe U )}‘f”’”

n=—oo n=—oo

” nl jz j(z—W)n jz j(—z—W)n
X(e")=— 2() +e e 8 =

n_—oo

_jf n n jz n n
, e 8 &1 iEw 1 i&Ew e’ L1 i&w 1 iZew
X)) = —e 8 +|—e 3 +— —e 8 +|=—e 8
D N R B

. > 1
Finite sum E a" =
n=0 1—61

where a<1

T T T T
_Jg -y Iy Jg
e

X)) =

+ +
1 i5w 1 i&w i W
20——e 8 20——¢ 3 2(0——¢ 8 20——e 8
( 5 )X 5 ) X 5 ) X 5 )
d) Use the Fourier Transform Table

X (e™) =sin(zm/2) + cos(n) = %[ef""” —e—W”]+%[ef" +e ]

From table e™™" Lﬂfrz&w—wo —2m)

[=—c0

X(ejW)__ 25(”}_5—%) 25(w+——27d)] 25(W 1- 27zi)+z5(w+l 27)]

[=—o0 [=—o0 [=—o0 [=—o0
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sin(zm/5) r sin(zm/5)

An]=(——————

sin(zm/5) g
m

From FT Table

0 otherwise

x[w] periodic with period 27

From FT Property Table e’ x[n]—2— X (/")

Therefore sin(m/3) cos(% n)—=—
m

1 T 7 T 7
={— 0<l ——I<—+— 0slw+—IK—
x[w] {2 for w 5 }+{ for w 5 5}

0 otherwise

yeos(E ) = D)y 10y e
2 m

xiw]l=1 for OSlesg

5U. Compute the Fourier transform of each of the following signals:

a) x[n] =u[n + 2] u[n - 5]

b) x[n] = (1/5)" u[-n - 6]

c) x[n] = (1/3) "™ cos{(n/6)(n+3)}
d) x[n] = sin(n7/3) + cos(n)

Solution:

6S. The following are the Fourier transforms of discrete-time signals. Determine the signal

corresponding to each transform.

a)

X =1 for ZawicZ
4 4

0 for %”gms;r and osms%

b) X(e”)= e"? for —x<w<nx

c) X(e™)= Z( Dt 5(w——k)

k=—o0

1
A 1——e™
d) X(e™) = 3
-S4 e
Solution:
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1 . . 1 3z/4 . 1 -/4 '
X[n] :_IX(ejW)ejwndW:_ J‘ejwndw_i__ e dw
27 3 27 714 27 714
e in( in(—% ‘nﬂ
= 1. {ej(“)—ej(4)}+ 1' {ej(“)—ej(“)}
27 (jn) 27(jn)

... 37w ooy 1 3T T
n]= 2”U_n){2]sm(nT)—2Jsm(nZ) }= m{sm(n 4) s1n(n4)}

1 N 1 5
qnl=— | X(e™)e™dw=— e " ?e™dw=
[n] szﬂ( ) zﬁ_j

1
1 % Jj(n——)w
—je 2 dw
2z =,

1 1 1 .
1 j(n=—)w 1 jin=x =)z 2j
— 2 T _ 2 2 —
x[n]= (e = (e —e )

. /4
I =———sin(nzx——)
2747(’1—5) 270(’1—5) 270(’1—5)
x[n]= ; sin(nz — z)

7[(”—5)

X(e)= z =D S(w - %k) is periodic with fundamental period of 4 therefore

k=—c0

T . . .
fundamental frequency wq = E also ax = (-1)k . Using these facts we could use the Fourier series
synthesis equation to find x[n]

2 3 o 2T

k(En Jk( n . . .

x[n]= E ae N = E ae "V =1 —/™? 4 i — i3mI2
k=<N> k=0

d) Rewrite the function by doing a long division

| 1_1e—jw 1_1e—jw 1
XM=y
1-Ze” + e l—le‘j‘” 1——e™
3 9 3 3
Given:Za": I where a <1
e 1—a

‘ 1 . 1. 1. 1. 1 .

X(e’w) =1l+—e" +—2€_]2W +—3€_]3W +—4€_J4W +—5€_]5W +...
3 3 3 3 3

from F.T. table

From table e " —LL—5(n—n,)

1 1 1 1 1
X[n]= 5(11)+§5(n—1)+3—25(n—2)+3—35(n—3)+3—45(n—4)+3—55(n—5)+...

6U. The following are the Fourier transforms of discrete-time signals. Determine the signal
corresponding to each transform.

a) X(e”)= e for -27/3<w<2rx/3
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0 Otherwise

o

b) X(e™)= > (—l)ké‘(w—%k)

k=—o0
1+ le_jw
c) X(e™) =
—1- g e—jw _ i e—2jw
5 25
Solution:

7S. Let X(e") denote the Fourier transform of the signal x[n] depicted in the following figure:

x[n]
2
IR
o o 3 o ° o ' o o o 1
2 10 1 2 3 4 5 6 8

Perform the following calculations without explicitly evaluating X(e'"):

a) Evaluate X(e') .
b) Find the phase of X(e'")

c) Evaluate J-_” X (e™)aw

d) Find X(e'" _
e) Determine and sketch the signal whose Fourier transform is Real{X(e'")}

f) Evaluate f | X (e™) > dw

z dX (e?
g) Evaluate I IM 1> dw
-z dw
Solution:

a) write the Fourier Transform Equation
+o0
X)) = Z x[nle ™

X(e)=Y xnle’ ==1+0+1+2+1+0+1+2+1+0-1=6

n=—oo

b) Note that the function y[n]=x[n+2] is an even signal, therefore Y(ejw) is real and even. This implies that

the phase of Y(e'")=0. S .
Using the time shifting property of the Fourier transform we have Y(e")=e"*"X(e") therefore phase of

Y(e'") is -2w.
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1 -
x[n]=— J- X (e )™ dw Inverse Fourier Transform

2r

270] = j X (e™)aw
2%

We have x[0]=2= IX(ejw Ydw =4rx
2z

d)

X(e™)= ZX[n]e_’”"

X(e™)= > xnle™™ =Y An](-1)" =+1+0-1+2-1+0-1+2-1+0+1=2
e) From property table we have the following

even{x[n]—=X—Re{X (e”)}

Therefore,the desired signal is even{x[n]} = (x[n]+ x[-n])/ 2 shown below :

Even{x[n]}
2
1 1 1
12 | | | | 12
o I oo oo I S
7l 5 4 3 2001 2 34 5 6 |
-1/2 -1/2
f) From Parseval theorem we have
Jw w12 _
j | X (™) dw= ,,_Z_wlx P=14=] 1X(™)I dw=287
g) Using the differentiation in frequency property of Fourier transform
X (e””
nx[n] FT j dX(e™)
dw
Use Parseval's therorem
1 .dX (e ), ) .dX (e my
— | 1j > dw= Y Inx[n]’=158=| |j 1> dw=316x
27 927 dw n;o L] J- dw
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7U.Let X(e') denote the Fourier transform of the signal x[n] depicted in the following figure:

) -2

Perform the following calculations without explicitly evaluating X(e"):

a) Evaluate X(e") .
b) Find the phase of X(e'")

c) Evaluate f X (e™)dw

d) Find X(e'® .
e) Determine and sketch the signal whose Fourier transform is Pure Imaginary {X(e'")}

f) Evaluate J-_” | X (e™) > dw

~ dX(e”
g) Evaluate J- IL)I2 dw
- dw
Solution:

8S. Six conditions are listed below:
1) Real{X(e")} = 0
2) Imaginary{X(e')} =0 _ _
3) There exist a real p such that e®" X(e'") is real.

4) J-_’;X(e*"w)dw is periodic

5) Periodic X(e")
6) X(€") =0

Which, if any, of the following signals have Fourier transforms that satisfy each of the above
conditions:

a) x[n] Shown in the following diagram

b) x[n] = (1/2)"
c) x[n] =8[n—1] + §[n + 3]
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Solution:

Facts:

1) For Re{X(e'")} to be zero, the signal must be real and odd.

2) For Im{X(e")} to be zero, the signal must be real and even.

3) Assume Y(e") =e""X(€""). Using the time shifting property of the Fourier transform we have y[n]=x[n+a].
If Y(e') is real, then y[n] is real and even (assuming that x[n] is real). Therefore x[n] has to be
symmetric about a.

4) Since Jw X (e’ )dw = 2mx{0] . The given condition is satisfied only if x[0]=0.
-7

5) X(ejw) is always periodic with period 2. Therefore, all signals satisfy this condition.
400
6) Since X(e‘°)= z x[n], the given condition is satisfied only if samples of the signal add up to zero.

n=—oo

Cond. | Cond. | Cond. | Cond. | Cond. | Cond.
#1 #2 #3 #4 #5 #6
Part a Yes Yes
Part b Yes Yes Yes
Part ¢ Yes

8u.

Six conditions are listed below:

1) Real{X(e")} = 0

2) Imaginary{X(e")} =0 _ _

3) There exist a real a such that e X(e'") is real.

4) J: X (e™)dw is periodic

5) Periodic X(e™)
6) X(e% =0

Which, if any, of the following signals have Fourier transforms that satisfy each of the above
conditions:

a) x[n] = (1/3)"
b) x[n] = 8[n + 1] + 3[n - 3]

Solution:

9S.

Using X(e'") as the Fourier transform of x[n], express the Fourier transform of the following signal

in terms of X(e'").

ynl= (n—1)>xln]

Solution:
X (e’
Differentiation = nx[n]—=— j ax(e™)
dw
2 jw
Differentiation = n’x{n]—=—— d X(f )
dw
) 2 Jjw Jjw )
Therefore = y[n]=[n> = 2n+1Dxn]= Y(e™)=— d Z((i )_ 2j an(le ) + X (e™)
w i

9U. Given that x[n] has Fourier transform X(ei‘”), express the Fourier transform of the following signal in
terms of X(e'"):

www.EngrCS.com, ik Signals and Systems page 62




y[n] = (n’+ 3n + 5 )x[n]

Solution:

10S. Use the inverse Fourier transform integral to determine the inverse Fourier transform of:

X(e™) = 3 {28800 =27) + 7S (w2~ 228) 425w + 72

k=—c0
Solution:

1 s . .
x[n]=— I X(e™)e dw Synthesis equation
27 5.

x[n] = %Lki{yré(w —27k) + o (w —% —27%k) +mwd (w + % — 27 Ye " dw
X[I’l] = %J{Zﬂ'&(w) + 7r§(w —%) + 7[5(W+§)}ejwndw

v4

nl=e’® +1/2)e’ ™" +(1/2)e /""" =1+ cos(im/2)

10U. Express the Fourier transform of the following signal in terms of X(e'"):

[n] = x'[-n]+ x{n]
yin= 2

Solution:
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