Signals & Systems - Chapter 3

1S. Continuous-time periodic signal x(t) is real valued and has a fundamental period T=8. The nonzero
Fourier series coefficients for x(t) are
a;=a; =2, az=ajs" =4]
Express x(t) in the form

x(t) = Z A, cos(w,t+9,).
k=0
Solution:

X(t) = zakejkwot = Ze_jw()’ + zejwot _ 4je—j3W()f + 4jej3wot

k=—co

Apply Eulers

x(t) = 2(2coswyt) +4 j(2jsin3w,t) = 4cos w,t —8sin 3wt
w, =27/T=2x/8=7x/4
x(t)y=4cosm/4—-8cos(Bm/4—1x/2)

1U. Continuous-time periodic signal x(t) is real valued and has a fundamental period T=12. The nonzero
Fourier series coefficients for x(t) are
a =4,a;=a;" =j, a3 =a;s" =-4j.
Express x(t) in the form

x(t) = Z A, cos(w,t+9,).
k=0
Solution:

2S. A discrete-time periodic signal x[n] is real valued and has a fundamental period N=5. The nonzero
Fourier series coefficient for x[n] are

a =1, a; = a_z* =ei"/4, ag = a_4* = zeiﬂs
Express x[n] in the form

x[n] = A, + ZAk sin(w,n+@,).
k=1
Solution:

. . : _ _ _ -jrl3 _ _ _ Jjml3
Note: a,,,, whereis any integer — a, =a, 5, =a_, =2e &a, =a_ 5 =a,=2e

2
. o . o .
x[n]= Zake’ " =ay+a_e +ae’™" +a_e " +ae’™"
k=-2

.X'[I’l] — 1+ 26—j7r/3e—jw0n + 26+j7r/3ejw0n + e—jﬂ'/4e—j2w0n + ej;r/4ej2w0n
x[n] — 1+ 2{e—j(ﬂ/3+won) + ej(7z’/3+w0n) } + {e—j(ﬂ'/4+j2won) + ej(ﬂ'/4+j2w0n) }
Apply Eulers

x[n]=1+4cos(wyn+7m/3)+2cos(wn+7/4)

w, =27/N=2x/5

x[n]=1+4sin(w,n+57/6)+ 2sin(w,n+37/4)
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2U. A discrete-time periodic signal x[n] is real valued and has a fundamental period N=9. The nonzero
Fourier series coefficient for x[n] are _ _
ap = 2, a3 = ay* =362, a, = a,* = 2™
Express x[n] in the form

x[n] = Ao+ D A, sin(w,n+g,).
k=1
Solution:

3S. For the continuous-time period signal
2 . 57
x(t)=2+ cos(? H+4 s1n(? t)
determine the fundamental frequency w, and the Fourier series coefficients ax such that

x(t) = Zakejkwnz
k=—co
Solution:
Apply Eulers to the x(t)

1| % | 2Z
x(t)=2+§e S 4+e 3 |=2jle P —e 3

2 2 2 2
1 +i2E 1 —j2¢on LIS LS
X(f):2+§€ 6 +Ee 6 —2je ¢ +2je °©

2z
W, = o Fundamental Frequency

ao=2; do= a_2=1/2; as= a_5*='2j;

3U. For the continuous-time period signal
4 . 3T
x(t)=3+ 4cos(7t) + ZSIH(?I)
determine the fundamental frequency w, and the Fourier series coefficients ay.

Solution:

4S. Use the Fourier series analysis equation to calculate the coefficients a, for the continuous-time
periodic signal
1.5 for 0<t<l1

-1.5 for 1<t<?2
with fundamental frequency w, = 7.

X(t) =

Solution: Continuous-time system, we have:

x(t)= Y a ™™ = a ™" FourierSeries Synthesis Equation
k=—c0 k=—c0

— 1 —jkwyt 7. _ 1 —jk2x/T)t . . . .
a, = P JT x(t)e dt = P L x(t)e dt FourierSeries Analysis Equation
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Wy =2 =7l =27 —->T=2
1§ : 1 : 17 :

a, = —Ix(t)e_’kw"tdt = —jl.Se_’kW“'dt ——jl.Se_’kW“'dt
2 0 2 0 2 1

fork=0—a,=0

for k #0
a, = LD (o _q g 4 gy 1',5 (277 —1-e727) = —1',5 (2¢777 -2)
2 jkw, —2jkrm —2jkrm

forevenk - a, =0

forodd k - a, = 1'? (2cosk7£—j2sink7t’—2)=,i
—2jkx Jjkm

4U. Use the Fourier series analysis equation to calculate the coefficients a, for the continuous-time
periodic signal

+1 for 0<tr<0.5msec
" —1 for 0.5msec<t<Ilmsec

with fundamental frequency w, = 20007.

Solution:

58. Consider three continuous-time periodic signals whose Fourier series representations are as

follows:
100 ik(ﬁ)r
P

M=y (e

k=0 2

100 jk(Zj),
X, (1) = D cos(km)e”

k=—100

N A Y
0=, jsm(7)e %

k=-100
Use Fourier series properties to help answer the following questions:
a) Which of the three signals is/are real valued?
b) Which of the three signals is/are even?

Solution:
a) ifa, = a_k* Then the signal x(1) is real otherwise it is not.
Note: conjugate means that (A+jB)* = (A-jB)

x1(t) Fourier series coefficients are ay = (1/2)K for 0<k<100 otherwise ax=0
We know that {a=(1/2)"} # {a.*=(1/2)*} therefore x,(t) is not Real

Xo(t) Fourier series coefficients are ax = cos(km) for-100<k<100 otherwise a,=0
We know that {ay= cos(km)} = {a*= cos(-kn)} therefore x,(1) is Real

X3(t) Fourier series coefficients are ay = jsin(kn/2) for-100<k<100 otherwise a,=0
We know that {ax= jsin(kmn/2)} = {a*= -jsin(-kn/2)} therefore x,(t) is Real
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b) For a signal x(t) to be even its Fourier Series Coefficient ax must be even
In other words the relationship “x(t)=x(-t) € 2> ax = ax” is true
Which means only x(t) is even since only for this function ax = ax

5U.

Consider three continuous-time periodic signals whose Fourier series representations are as
follows:

x,(t) =sin(2000k7)  where k is an integer

x,(t) =10cos(15.294km)+10  where k is real

X, (t) =sin(2000km) + j15 where k is an integer
Use Fourier series properties to help answer the following questions:

a) Which of the three signals is/are real valued?
b) Which of the three signals is/are even?

Solution:

6S.

Use the analysis equation to evaluate the numerical values of one period of the Fourier series
coefficients of the periodic signal

x[n] = 2{45[11 —4m]+ 80[n—1-4m]}.

Solution: For Discrete-time system, we have

ko, k(2z/N . . . ;
xln] = E a.e’™" = E a, e *'"""  Fourier Series Synthesis Equation
k=<N> k=<N>

1 o 1 . . ) . .
a, =— Zx[n]e Jowon — Zx[n]e KQEINI® Eourier Series Analysis Equation
Nn:<N> n=<N>
a)

first understand the signal x[n] = Z {40[n—4m]+ 80[n—1-4m]}
using the definition of impulse function we can write:
x[n] =4 for n=4m
8 for n=4m+1
0 otherwise
We see that the signal is periodic with a fundamental period of N=4.

[If you don’t see it, just find value for x[0] = 4, x[1] = 8, x[2] = 0, x[3] = 0, x[4] = 4, x[5] = 8, ... which repeats

every four terms]

1 . 1 3 . 1 . w
a, =— Zx[n]e k(27 I N)n =—Zx[n]e JkQxl4)n =—[460 48 Jk(27r/4)]:1+2e Jk(z12)
n=<N> n=0 4
Therefore:
ao=3, a1=1-2j, a2=-1, a3=1+2j

6U.

Use the analysis equation to evaluate the numerical values of one period of the Fourier series
coefficients of the periodic signal

x[n]= 2{35[71 —5m]+20[n—2-5m]}.

m=—oo

Solution:
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7S. Let x[n] be a real and odd periodic signal with period N=7 and Fourier coefficient a,. Given that
ais =, a6 =2j, a7 = 3j.
Determine the values of a;, a4, a; and a..

Solution:

Using the properties of Fourier Series we could state:
1) Period with period N=7 2 ay = ayx,7»
ay=ay7=as5 =]
Qg = Ap,2r7=A16 = 2
az = az,2r7=a17 = J

2) real and odd x(t) = a is purely imaginary and odd (ax=-a.)

ag=0
d-o=-do = '2]
d-3 =-adz= '3]

7U. Let x[n] be a real and odd periodic signal with period N=9 and Fourier coefficient ax. Given that
a5 = 2j, a6 =3jayz=-4j.
Determine the values of a,, a.;, a, and a..

Solution:

8S. Determine the Fourier series representations for the following signals:
a) Each x(t) illustrated in the following figure

x(t)

AN AN/
A%

x(t)
1
5 4 3 B T 2 3 4 5 t

c) Each x(t) illustrated in the following figure

www.EngrCS.com, ik Signals and Systems page 33




-5 30-2 | 1 3 4 6 7 9

d) Each x(t) illustrated in the following figure

X(1)

e) x(t) is a periodic signal with period 2 and
x(t)=e' for -1<t<1

Solution:

a)
T=2->w,=27lT=x

x(t)=t

1 — jkwt 1 1 — jkwyt
a, =—|x@)e ™ dt =— |te”™""dt
r! 2

a,=0
Integration by part — J.udv =uy —Ivdu
i(—1 k
a, = SV for k #0
krx
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b)
T=6->w,=2x/T=rx/3

x(t)=t+2 for-2<t<-1
1 for —1<t<+1
2—t for+l<t<+2

1 _
a, =— | x(H)e ™™ dt
) Tl 0)

1 1 5
ak — é|:_[(t + 2)e_fkw0tdt + je_jkwmdt + I(Z _ t)e—jkwotdt:|
2 3 1

a,=1/2
a, =0 for even k
6 Tk Tk
= sin(—) sin(— or odd k
T (2) (6) f
c)
T=3->w,=27/T=2x/3
x(t)=t+2 for-2<t<0
2-2t forO<t<+1
1 .
a, =— | x(tH)e ™' dt
‘ Tl (1)
1] ¢ 4 1 ‘
a, = 5{ [t+2)e " ar+[ (2~ 2t)e_/kw°'dt}
-2 0
a, =1
a, = % e sin(k 27 13) + 267" sin(kn’/3)] fork #0
2wk
d)

T=2—>w,=2xIT=x
x(t)=1 fort=0

-2 fort=1
1 .
a, =— | x(t)e ™" dr
) Tl (1)
a, =—-1/2

a, =%—(—1)k fork #0
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e)
T=2->w,=2x/T=x

x(t)y=e"' for —-l<t<l
1
(+jkz) _ —(+jkx)

1 -1 .
a, = ! Ix(t)e_‘ik‘VO’dt = Ie"e‘jk’”dt = 7(8_(1+]k”)t ¢ .e for all k
- 1+ jkm

LT ] 1+ jkx

-1

8U. Determine the Fourier Series representation for the signal shown in the following figure:

-2 -1 1 2 t
Solution:

9S. A discrete-time periodic signal x[n] is real valued and has fundamental period N=5. The nonzero

Fourier series coefficients for x[n] are

ay=2, a,=a,*=2e", a,za, =e™

Express x[n] in the form

x[n] = A, + iAk sin(w,n+@,).

k=1

Solution:
w, =2x/N=2x/5

4
jkw, —-j2(2x/5 22z /5 -j4Q2x/5 j4(2x /5
x[n]zZake’%" =a, +a_e PP 4, 4 q_ eI 4 g, el T
k=0
o 6 ianss o o
D 42 ITI0 o= IGTINN | 0, iTI6 L JARISN 4 ,=jT]3 ,=iSTISIn |, iTl3, i85 _

x[n]=
x[n]=2+4cos[(4x/S5)n+x/6]+4cos[(8x/S)n+ /3]
add /2

x[n]=2+4cos[(4x/5)n+2x/3]+4cos[(87/5)n+ 57 /6]

9U. A discrete-time periodic signal x[n] is real valued and has fundamental period N=7. The nonzero
Fourier series coefficients for x[n] are _ _
a =2 a;za*=¢e", a;za,; =3€e"
Express x[n] in the form

xinl= A, + > A, sin(w,n+0,).

k=1

Solution:

10S. Determine the Fourier series coefficients for the following discrete-time periodic signal. Plot the
magnitude and phase of each set of coefficients ay.
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x[n] = sin(2nn/3)cos(nn/2)
Solution:
firsttermw, =27/N =27x/3= N, =3
second term w, =27 /N =7/2= N, =4
Therefore periond for X[n]= N =12
11 11
a, = %Z Anle o = %Zsin(ZﬂnB) cos(m/2)e
n=0

n=0

10U. Determine the Fourier series coefficients for the following discrete-time periodic signal. Plot the
magnitude and phase of each set of coefficients ay.

x[n] = sin(6zn/7)e ™'

Solution:

11S. The signal represented by the following Fourier series coefficients is a periodic with period 8.
Determine the signal x[n].

ag
2
1

| | | |1/2 | | .
DU B I I AT |7 .,

-8 0 8

Solution:
w, =27/8=x/4

3 . . 4 1 . 1 1 . 1
X[l’l] — a ejkwon — 2+€j(7r/4)n +e—/(ﬂ/4)n +_e/(ﬂ/2)n +_e—/(ﬂ/2)n +_e/(3ﬂ'/4)n +_e—/(32/4)n +0
=t 2 2 4 4

x[n]=2+2cos(im/4)+cos(zm/2)+ (1/2)cos(3m/4)

11U. The signal represented by the following Fourier series coefficients is a periodic with period 7.
Determine the signal x[n].

p—
p—
f—

Solution:
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