Signals & Systems - Chapter 2

1S. Let x[n] =3d[n] + 28[n — 1] - 8[n — 3] and h[n] = 25[n + 1] + 28[n — 1]
Compute and plot each of the following convolutions:
a) yi[n] = x[n] * h[n] b) y2[n] = x[n+2] * h[n]
Solution:
a)

Theory—We have y1[n] = x[n] * h[n] = ih[k]x[n —k]

c) ys[n] = x[n] * h[n+2]

k=—c0
2 x[n] 2 2 h[n]
1
I | n | |
0 1 2 I3 4 2 -1 0 1 2

yi[n] = h[-1]x[n+1] + h[1]x[n-1] = 2x[n+1] + 2x[n-1]
yi[n]= 28[n+1] + 43[n] — 28[n — 2] + 28[n-1] + 438[n — 2] — 28[n — 4]
yi[n]= —28[n — 4] + 28[n — 2] + 23[n-1] + 48[n] + 28[n+1]

b) Note x[n] = x[n+2] which is a shift of +2
Since we have linear time invariant system

y2[n] = x[n+2] * h[n] = ih[k]x[(n +2)—k] = y2n] = y1[n+2] Therefore

k=—oc0

y2[n]= — 28[n — 2] + 23[n] + 28[n+1] + 43[n+2] + 28[n+3]

¢) Note h[n] = h[n+2] which is a shift of +2
Since we have linear time invariant system

y3[n] = x[n] * h[n+2] = Zh [k +2]x[n—k]= Zh x[n+2—-k] > y3n]=

k=—oo k=—oo

ya[n]= —28[n — 2] + 23[n] + 23[n+1] + 43[n+2] + 28[n+3]

yi1[n+2] Therefore

1U. Let x[n] = d[-n] + 28[n + 1] — 8[n — 4] and h[n] = &[n + 2] + 38[n + 1]
Compute and plot each of the following convolutions:
a) yi[n] = x[n] * h[n] b) y2[n] = x[n-2] * h[n]
Solution:

¢) ys[n] = x[n] * h[n-2]

28. Consider an input x[n] and a unit impulse response h[n] given by
1.,
An] =) uln—2]

h[n]=uln+2]
Determine and plot the output y[n] = x[n]*h[n].

Solution:
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a)

o

Theory—We have yi[n] = x[n] * hin] = " x[k]h[n — k]

k=—oc0

o0 I k-2
y[n] = x[n]* h[n] = Zx[k]h[n —k]= Z (%) ulk —2uln+2-kJ

k=—oo k=—oo

taking a look at plot of the two step function we see that
u[k-2] = 1 when k-2=0 or k=2
0 otherwise
u[n+2-k] = 1 when n+2-k=0 or k<n+2
0 otherwise

ulk-2]

u[n+2-k]

n+2

There are two conditions:
1) when n+2 < 2 = y[n] = 0 for n<0

n+2 1 k=2 n 1 k
2) whenn+222= y[n]= Z(Ej :Z (5) for n=0

k=2 k=0

n+l

n 1_
Apply finite sum formula > Zak = forn20 & O< |a] <1

k=0 —da
_1—0/2V“u

Wnl===5

[n]=2[1 - (1/2)™"u[n]

2U. Consider an input x[n] and a unit impulse response h[n] given by
1
xn]= (Z)”‘3 uln+2]

h[n] =2u[n-2]
Determine and plot the output y[n] = x[n]*h[n].

Solution:

3S. Compute and plot y[n] = x[n] * h[n], where
x[n]=1 for 3<n<8

0 otherwise

hinl=1 for 4<n<l15

0 otherwise

Solution:
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a)

x[n]
‘ | | ‘ n
3456108
h[n]
456 7 8 910 15
ylnl= x{n]*h{n] = ) x[k]h[n—k]
k=—co
Let’s take the graphic path to find out the intervals of interest --- first need to plot h[n-k]
x[k]
‘ ‘ ‘ ‘ k
3 8
h[n-k]
(n-15) (n-4)
Look for segment where the signal have the same amount of overlap
for3<n4<8 or7<sn<12 y[n] =n -6 Partial front-end overlap
for8<n-4 &n-15<3 or12<n<18 y[n] =6 Full overlap
for3<n-15<8 or18<n<23 y[n] =24 -n Partial back-end overlap

otherwise y[n] =0 or no overlap.

3U. Compute and plot y[n] = x[n] * h[n], where
x[n]=1 for 2<n<5

0 otherwise

hln]=1 for —-3<n<8

0 otherwise

Solution:

4S. Compute and plot the convolution y[n] = x[n] * h[n], where

x[n]= (éj ul[-n—1] and hin]=u[n-1]
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Solution:

- —k
yln]= x{n]* h[n] = Zx[k]h n—kl=Y, Gj u[—k —1uln—k —1]

k=—o0 k=—oc0
ul-k-11=1 for k-1 20 > k=<-1
0 otherwise
Condition 1 —when k<-1 the summation is not 0 & the equation for y[n] can be writer as:

SRR
yln]= ZH uln—k—1]
fe=—c0 3
u[n-k-1]1 =1 for n—k-1 =0 > k <n-1

0 otherwise
Condition 2 — when k<-n-1 the summation is not 0 & the equation for y[n] can be writer as:

n—1 1 —k
yln]= Z(—J
e\ 3
Considering Condition 1 and 2, we have two intervals for output:

-1 —k
1
For n=0 the above equation reduces > y[n] = E [gj
k=—oc0

n—l1 —k
1
For n<0 the above equation reduces > y[n] = E [EJ
k=—co

These equations can be further simplified by applying the Infinite Geometric Sum Series.

4U. Compute and plot the convolution y[n] = x[n] * h[n], where

x[n]= [éj uln+1] and hin]=u[n-75]

Solution:

5S. Compute the convolution y[n] = x[n] * h[n] of the following pairs of signals:
x[n]=a"uln]

a) h[n]= f"u[n] b) x[n]=h[n] = a"u[n]

whena # 8 h[n]=4"u[2—n]

1., 3
o X[n]—(—E) uln—4]

d) x[n] and h[n] are as in following figure

x[n] h[n]
rareres oo n 00 oo
1012345 1234567 8910111213141516

o &~

Hint: first draw x(t) and h(t). reflect h(t) about x=0 and then walk the signal to find the limits.

www.EngrCS.com, ik Signals and Systems page 19




Solution:

a)
ylnl= x[n]*h{n] =Y. x[k1h[n - k]
k=—c0
)’[n]=zak,3"_k for n =0
k=0
vinl=B"Y (@l p)* for n20
k=0
e e . - k 1 _'Cln+1
or apply inifinit series Z a’ =
k=0 l-a
n+l n+1
y[n] = P —a uln] for a #
p -«
b)
Note, this part is the same as “part a” except for the fact that a=f3
yln] = a{i(l)k }u[n] = (n+1)a"uln]
k=0
c)

vl = xlnl*hln] = > x{kliln - k]
k=—oc0

o

y[n]Zi(—l/Z)kM)"_k =(4)”i(—1/8)" =(4)"{Z -1/8)" —Z( 1/8)} forn<6

k=0

y[n]zi(—l/Z)k(4)"_k :(4)”2(—1/8)" :(4)"{2( 1/8)" —Z( 1/8) } forn>6

n ) oo 1
To Further Simplify apply inifinit seriesZak sincea=-1/8= Zak =
k=0 —da k=0 l—a
d)
x[n] hn]
| ‘ ‘ | |
-1 012345 01234567 8910111213141516

=

ylnl= x[n]*hln]= Y xlklhln - k]

k=—co

yln] = x[0]h[n — O] + x[1]A[n — 1]+ x[2]h[n — 2]+ x[3]h[n — 3]+ x[4]h[n — 4]
yln] = hln]+ hln =11+ h[n — 21+ hln — 3]+ h[n — 4]
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3
il [ \ ‘ |
o0 l |o—o—o 1
01 23 4567 89 11 18 15 17 19
5U. Compute the convolution y[n] = x[n] * h[n] of the following pairs of signals:
1
x[n]=)"u[n+2]
a) (3)
h[n]=8"u[3+n]
b)
x[n] h[n]
o1 l—oj—\—o—“ o | 1 14 n
-1 0123 4 567 012345678 91011121314151617

6S. For each of the following pairs of waveforms, use the convolution integral to find response y(t) of
the LTI system with impulse response h(t) and x(t). Sketch your results.

x(t) = e "u(t)

(Do this both when a # f and a = f.)

h(t) = e Pu(r)

b) x(t) = u(t)—2u(t-2) + u(t—-5) and h(t) = e?u(1 -1t)

c) x(t) and h(t) shown below:

x(t)

- .
/\One period of sinmt

V.

d) x(t) and h(t) shown below:

h(t)
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x(t) h(t)

1 12
-1/3

w_ q B 4/3

b ope=a

yaa t
e) x(t) and h(t) shown below:
x(t)
— 1 p—
| | \ | | |
-3 -2 -1 1 2 3
dF

Hint: first draw x(t) and h(t). reflect h(t) about x=0 and then walk the signal to find the limits.

Solutions:

a) The desired Convolution is:

=

Y(t) = j x(Dh(t -1)dT

—oo

y(t) = 0(no overlap) fort =0
Y(t) = j e e PNAT fort >0
0

Therefore

yt)=e™” { j e(ﬁ_"”’dz}u(t)

for a=B=y@t)=e" Ddi}u(to =te Pu(r)

e—ﬁ’ [e(ﬁ—a)t _ 1]

p-a

for a#+pf= y()=

b) The desired Convolution is:
First draw x(t) and h(-t) to find the number of unique overlap sections.
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oo

y(t) = j x(Dh(t —7)dt

Considering the intervals :

t—1<0->t<1—>y()=0
t—1

1<t<35y(n) = [ 7dr
0

t—1

2
35t<6—> y(l‘) = J'ez(’_f)drz-_ v|‘62(f—7)d,z.
0 2

t>6 — y@)=0 forb<t

Therefore
t<1—=y@®=0
1 t—1 1
1S1<3y(0=e[-2e™| =—etle™ -
0
1 2 -1
for3st<6 y@)= €2t[—56_2’ +—e| ==e[-(e? D+ (e —e7)

0

t>6- y()=0

¢) The desired Convolution is:
First draw x(t) and h(-t) to find the number of unique overlap sections.

y(t) = ]:x(f)h(t —7)dt = j sin(zm)h(t — 1)dt

Considering the overlap types :

y(it)=0 fort<l1
y@)=Q2/m)[1—-cos{zx(—-1)}] forl<t<3
y(@)=Q2/m)[1—cos{x(t—-3)}-1] for3<t<5
y(it)=0 for5<t

d) The desired Convolution is:

let h(t) = hi(t) — (1/3)8(t-2) where hi(t)= 4/3 for 0<t<1
0 otherwise

so we can use the system linearity to write:
y(t) = h(t)*x(t)= h1(t)*x(t) —(1/3)x(t-2)

we have
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h, (1) * x(1) = I%(ar+b)dr =%[(%at2 —%a(t—l)z +bt—b(t—1)}
t—1

Therefore

L PERCN DA SN WIS VORIPN I Lo
y(t)—g[(gat Jalt=1)" +bi bt 1)} 3[(361@ 2)+b}

e) The desired Convolution is:

for LTI system when the input is periodic, it implies that output y(t) is also periodic so determine one period.
But remember to include effect of other periods on calculation of single period output.

So we will take the period -1/2 <t < 3/2
x(t)=1for-1/2<t<1/2
0for1/2<t<3/2

h(t)=t+1 for0<t< 1
=0 otherwise

First draw x(t) and h(-t) to find the number of unique overlap sections.

o

y(t) = j x(D)h(t )dT

—oo

-1/2 t

y(t) = J.(t—f—l)df— j(r—r—l)dr=—t2+r+1/4 for—1/2<t<1/2
t—1 -1/2
1/2 t

y(t)z—j(r—r—l)du J.(t—r—l)drztz —3t+7/4 forl/2<t<3/2

t—1 172

Note: Output period is also 2.

6U. For each of the following pairs of waveforms, use the convolution integral to find response y(t) of
the LTI system with impulse response h(t) and x(t). Sketch your results.

a) x(t) =3u(-t) = 5u(t +2) + 3u(-t + 3) and h(t) = e?u(-2 + t)

b) x(t) and h(t) shown below:

x(t) h(t)

<
5 Slope =4

. ' 6 112 '

Solutions:

7S. Compute the convolution y[n]=x[n]*h[n] of the following pair of signals:
x[n]l=a"u[ln—-4]

hin]=b"uln—1] where 0 <a<b
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Solution:

x[k]

v

[
4
h[n-k]

n-1

x[n]=a"u[ln-4]
h[n]=b"uln—-1]

sl = xinl*Hlnl = 3 K JhLn— k]

f=—o0
yln]=0 for n-1<4=n<5
n—1
ynl=> d" " forn=5
k=4
n=>5
Mnl= B3 @l )t forn=0
k=0

7U. Compute the convolution y[n]=x[n]*h[n] of the following pair of signals:

An] = (%)" uln—2]
Hn] = %)”u[n 3]

Solution:

8S. The following are the impulse response of discrete-time LTI systems. Determine whether each
system is causal and/or stable. Justify your answers.
a) h[n] = (1/5)"u[n]
b) h[n] =(0.8)"u[n + 2]
c) h[n] = (1/2)"u[-n]
d) h[n] =(5)"u[3 - n]
e) h[n] = (-1/2)"u[n] + (1.01)"u[n - 1]
f) h[n] = (-1/2)"u[n] + (1.01)"u[1 — n]
g) h[n] =n (1/3)"u[n —1]

Solution:

Notes = “System is causal if h[n]=0 for n<0 --- System is stable if ZI hn]l< eo”

a) h[n] = (1/5)"u[n]
h[n]=0 for n<0 therefore system is causal
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Z( ; =5/4 < = therefore the System is stable
) 1-(/5)

b) h[n] =(0.8)"u[n + 2]
h[n]#0 for n<0 therefore system is non-causal

I oo -2
2(0.8)“ = Z“(O,S)“’2 = % < oo therefore the System is stable

¢) h[n] = (1/2)" u[-n]
h[n]#0 for n<0 therefore system is non-causal

0
2(1/2)“ = oo therefore the System is not stable

n=—oo

d) h[n] = (5)"u[3 - n]
h[n]#0 for n<0 therefore system is non-causal

23:(5) 2(1/5) —2(1/5) 1(1/5)—(1/5)’3—(1/5)’2—(1/5)’1—(1/5)0:625/4<oo

therefore the System is stable

e) h[n] = (-1/2)"u[n] + (1.01)"u[n - 1]
h[n]=0 for n<0 therefore system is causal

ZI -1/2)" | +Z(l on" ;+ o = oo therefore the System is not stable
=0 1-(1/2)

f) h[n] = (-1/2)"u[n] + (1.01)"u[1 —n]
h[n]#0 for n<0 therefore system is non-causal

o 1
1/2)" 1. 1.0H™" -1.01=2 ——— = 1.0l<
SC12) 1+ 00" = FOD” 101 =213+ g 101

n=0 n=—oo

therefore the System is stable

d) n(1/3)"u[n-1]
h[n]=0 for n<0 therefore system is causal

Z:n(l/3>)n = ; =3/4=0.75 < = therefore the System is stable
1-(1/3)

8U. The following are the impulse response of discrete-time LTI systems. Determine whether each
system is causal and/or stable. Justify your answers.
a) h[n] = (1/5)" u[-n]
b) h[n] =(0.8)"u[n - 2]
c) h[n] = (1/2)"u[n]
d) h[n] =(5)"u[3 + n]
e) h[n] =n (1/3)"u[n + 1]

Solution:

9S. The following are the impulse responses of continuous-time LTI systems. Determine whether each
system is causal and/or stable. Justify your answers.

a) h(t) =e * u(t-2)
b) h(t) = e  u(3 - t)
c) h(t) = e 2 u(t + 50)
d) h(t) =e 2 u(-1-1)
e) h(t) = e -t
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f)yh(t) = tetu(t)
g) h(t) = (2e — e (¢-1000/100) ¢)

Notes - “System is causal if h(t)=0 for t<0 --- System is stable if II h(t)ldt”

Solution:

a)h(t)=e *ut-2)
h(t)=0 for t<0 therefore System is causal

II e ldt==1/4(e™ —e®)=1/4(e”®) < oo therefore System is stable
2

b) h(t) =e ¢t u(3-1t)
h(t)#0 for t<0 therefore System is not causal

3
JI e 1dt =1/6(e™" —e”) = oo therefore System is unstable

c) h(t) = e 2 u(t + 50)
h(t)#0 for t<0 therefore System is not causal

J.I e ldt=-1/2(e™ —e'™)=1/2¢'"" < oo therefore System is stable
=50

d) h(t) =e 2 u(-1 -1)
h(t)#0 for t<0 therefore System is not causal

-1
.[I e* ldt=1/2(e* —e™)=e"?/2 < o therefore System is stable

e) h(t) = e Mt
h(t) #0 for t<0 therefore System is not causal

ZII e dt =—1/3(e™ —e”) =1/3 < oo therefore System is stable
0
fyh(t) = tetu()
h(t) =0 for t<0 therefore System is causal

J.I te” | dr =1 < oo therefore System is stable (Use integral by part to solve)
0

g) h(t) = (2 e -t _ e (1—1000)/100) u(t)
h(t) =0 for t<0 therefore System is causal

II (2e™" -e 1Y | gt = oo therefore System is unstable
0

9U. The following are the impulse responses of continuous-time LTI systems. Determine whether each
system is causal and/or stable. Justify your answers.

a)h(t) =e3tu(t +4)
b) h(t) = e Stu(13 -1)
c) h(t) = e 2 u(-t + 10)
d) h(t) =e 2u(-3 -1)
e) h(t) = e

Solution:
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10S. h[n] = (-1/2)"u[n] + (1.01)"u[n - 1] is the impulse of response of a system. Determine if the system is
Causal and/or Stable

Solution:
h[n] = (-1/2)"u[n] + (1.01)"u[n — 1]

Notes = “System is causal if h[n]=0 for n<0 --- System is stable if ZI h[n]l oo™

h[n]=0 for n<0 therefore system is causal

DI 1+ (101" = — L=< therefore the System is not stable
= p 1-(1/2)

10U. h[n] = (-1/8)"u[n + 1] + (1.21)"u[n] is the impulse of response of a system. Determine if the system is
Causal and/or Stable

Solution:
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