Fundamentals of Electrical Circuits - Chapter 6

1S. The current in the 2.5 mH Inductor in the following figure is known to be OA for t<0. The inductor voltage for
t>0 is given by the expression:

iL(t)

—

vL(t) 2.5 mH

Sketch v (t) and i (t) for0 <t <

Solution:

) 1 .
lL(t):ZtJ;thﬂ(tO)

0<t2

i,(t) = ﬁj 3#107 e " dr +1i,(0)
: 0

1 —47

i, (1) =2%je‘”dr+0=zis*—e
59 :

t
0

i ()==3e"+.3 {eql}

2<t<00
! j— 3%107 e Vdr+i,(27)

2

YT

t

. =30 4 e
ll(t)zz_,[e4( Vdr+i,(27)

59
) -3, 1 4 o
(0= e @) teg 2y

since initial current cannot change instantly then we
can use i (2) from equation {eq 1}:

i,(27)=-3e"? +3
Plug valuein i, (27) in {eq 2}
i(t)=3e"?-3-3"+23

i (t)=3e"? -3¢
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1U.

The current in the 2.5 mH Inductor in the following figure is known to be OA for t<0. The inductor voltage for
t>0 is given by the expression:

iL(t)

—

3e¥mv 0<t<

vi(h)= 3e®™my 6s<t<w

vL(t) 2.5 mH

Sketch v (t) and i (t) for0 <t <o

Solution:

28S.

A 20 uF capacitor is subjected to a voltage pulse having a duration of one seconds. The pulse is described
by the following equations:

30tV 0<t<05s
ve(t)= 30(t— 1)’V 0.5s<t<1.0s
0 elsewhere

Sketch the current pulse that exists in the capacitor during the 0 to 1 second interval.

Solution:

. cdv
i =

Cdt
0<t<.5 = 1200t LA

B<t<l = 1200(t-1) pA 600 i
elsewhere =0 A 0 /
"""" o

-ANN

i(t), pA

o
o ----
-_—

2U.

A 10 uF capacitor is subjected to a voltage pulse having a duration of two seconds. The pulse is described
by the following equations:

108V 0<t<15s
ve(t)= 20(t-2)°V  15s<t<20s
0 elsewhere

Sketch the current pulse that exists in the capacitor from t=0 to 2 seconds.

Solution:

3S.

The rectangular-shaped current pulse shown in the following figure is applied to a 5 uF capacitor. The initial
voltage on the capacitor is 12 V drop in the reference direction of the current. Assume the passive sign
convention. Derive the expression for the capacitor voltage for the time intervals in (a)-(e).

a) 0<t<5us

b) 5us<t<20us

c) 20us<t<25us

d) 25us<t<35us
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e) 3bus<t<w
f) Sketch v(t) over the interval a) -50 us <t < 300 us.

i(A)

8

| | | | I t (us)

Solution:
c=5 uF
V(0)=12V

V= lji(t)dt +7(0)
C

0
a) 0<t< 5uSec
V(t) =200, oooj Adt +12V =200,000(4t)+12V = 8*10% + 12V
@ t=5*10"° vo(t)=16V
b) 5uSec <t<20 uSec

V(6)=2%10° [ =2dt+V(5%10°)= -4*10°t-6"10°]+16 = -4*10°¢ + 18
5¥107°

@ t=20*10°  v(t)=10V
c) 20 uSec <t<25uSec

V(t)=2*10 j 6dt +V(20%107°) =12*10°(t-2*10°)+10 = 12*10° - 14
20%107°

@ t=25*10°, V(25*10°)=16V

d) 25 uSec<t< 35uSec
V(t)=2*10 j A4dt+V(25%107°) =8*10°(t-25*10°)+16 = 8*10°t — 4
@t=35*10", vz(sglg;m'ﬁ) =24V

e) 35uSec< t< w

V(6)=2%10° [ 0dt+V(35%10°) =24V

35%107°
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V(t),V
30

25
15

10

/

20 25 35

t, uSec

o |-

3U. The current signal is shown in the following figure is applied to a 5 uF capacitor. The initial voltage on the

capacitor is 12 V drop in the reference direction of the current. Assume the passive sign convention. Derive
the expression for the capacitor voltage for the time intervals in (a)-(e).

a) 0<t<5us

) Sus<t<20us

c) 20us<t<25us

d) 25us<t<35us

e) 3bus<t<w

f) Sketch v(t) over the interval a) -50 us <t < 300 us.

i(A)

8 L

I t (us)

Solution:

4S. For the following circuit, find the equivalent Inductor (fully define Leq) with respect to terminals a
and b:
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15 mH
S AVAVAVAN

2A
l §ZOmH §30mH

sA | §5mH

3Al 5mH

Solution
| =-5+3=-2A “Initial Condition”
Leg=(5+15)|| (20|30 +5)=9.19 mH

4U. For the following circuit, find the equivalent Inductor (fully define L) with respect to terminals a
and b:

15 mH
T AVAVAVAN

T 2A
2A
l §ZOmH §30mH

sA | §5mH

5mH
SA l 30 mH
o b
Solution:
5S. In the following circuit, Write i(t) equation for t 2 0 sec.
11(0) = 350 mA i(t
138 mH 1(0) m (t)
T'Z(O) =10mA | v (=10 Cos(120 7 t) V
62 mH §20° mH §120 mH
20 mH
N

Solution:
Leq = ((138+62) || 200) +20) || (120) = 60 mH
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iaq(2) = 350 — 150 = 200 mA

1

’ 1 10
i(t)=—|v(r)dr +i(t,) =——|10Cos(12077)d 7 +i(0) = + —————sin(12077|; +0.2
« L;[ ()7 +ilG) 0.06-([ ( T+ 0=+ 6xt207 ™ ’
i(f) = 0.44sin(1207) +0.2 A4
5U. In the following circuit, Write i(t) equation for t = 0 sec.
25 mH 11(0) = 60 mA i(t)
T'Z(O) =10mA V4(t)=10 Cos(120 7 1) V.
50 mH §100 mH § 200 mH
40 mH
'a'e e

Solution:

6S. The two parallel inductors in the following figure are connected across the terminals of a black box at t=0.
The resulting voltage v for t > 0 is known to be 12e™ V. Itis also known that i1(0) =2 A and i,(0) =4 A.
a) Replace the original inductors with an equivalent inductor and find i(t) for t > 0.
b) Find is(t) fort> 0.

)
c) Find ix(t) for t > 0.
d) How much energy is delivered to the black box in the time interval 0 <t < o0 ?
e) How much energy was initially stored in the parallel inductors?
f) How much energy is trapped in the ideal inductors?
g) Do your solutions for i; and i, agree with the answer obtained in (f)?
i(t)
®
+
i1(t) 3H ia(t) 6 H t=0 v  Black
>< Box
@

Solution:
V(t)=12e*V for t=0
i1(0)=2A
i,(0)=4A

a) Leqg=(3]|6)= 1/[(1/3)+(1/6)] =2H
i(0) =i4(0) +ix(0) = 2+4=6 [NOTE: this is entering the negative terminal of Inductors]

. _lt . _lt ~t | —t
z(z)z—deHz(O):—jlze dt+6=6e"| +6=6¢" 4
L 0 2 0 0

b) **Refer to passive sign convention. Here i1(t) is entering Negative Voltage Point

il(t)=—LIth+i](0)=—ljl2e” +2
Ll 0 30
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= (+4)[e”

(42=4¢" —24

©) L) Z_LLJthJriz(O) = —%I12et +4=+2[e"|;+4 =2e"+2 A
20 0

d) How much Energy is delivered to Black Box?
W=(1/2)Leqi” = (1/2)(2)(6e™)* = 36e™ Joules fort >0

t=0 = W, =236 Joules
t=0 = W, =0Joules > WBIaCkBox(OS t< o)™ 36 jOUleS

e) Initial Energy (t=0)
Ly 2 Wo= (1/2)L4is% = (1/2)(3)(4e™-2)%= (1/2) (3) (4-2)°
Wy 1=6 Joules

L, > Wo= (1/2)Lai’= (1/2)(6)(2e™+2)° = 14 () (2+2)°
Wy2=48 Joules

WOtotaI stored energy = W0L1 + W0L2 =6 + 48 = 54 Joules

f) Trapped energy in Inductors? (t = )
Ly 2 Wii=(1/2) Liis? = (1/2)(3)(4e™-2)% = (1/2)(3)(4e™- 2)* = 6 Joules

Ly 2 Wi=(1/2)Li° = (1/2)(6)(2e™+2)% = (1/2)(6) (4e™- 2)* = 12 Joules
Wtotal trapped = 6 +12 =18 Joules

g) Energy delivered to Black Box = Inductor Initial Energy — Inductor Trapped Energy
36=54-18

36 = 36
Yes, they are equal!

6U. The two parallel inductors in the following figure are connected across the terminals of a black box at t=0.

The resulting voltage v for t > 0 is known to be 8e' V. ltis also known that i1(0)=5Aand i,(0) =8

a) Replace the original inductors with an equivalent inductor and find i(t) for t > 0.
b) Find is(t) fort > 0.

c) Find iy(t) fort> 0.

d) How much energy is delivered to the black box in the time interval 0 <t <0 ?
e) How much energy was initially stored in the parallel inductors?

f

g) Do your solutions for i; and i, agree with the answer obtained in (f)?

A.

i(t)

®

+
i1(t) 8H ia(t) 24 H t=0 v  Black
Box

L

Solution:
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7S. Calculate the equivalent capacitance with respect to terminals a and b of the following circuit:

70 uF
1]
+ 8V - /
o ﬁ:go uF 9000 pF
5 uF + 0 uF
a | I
+7V- + i
SV==25 uF
10uF  10uF — 50 uF
b e—H| 0 I
-3V+ +9V-

Solution:
Series: 30 & 70 uF > 1/(1/30 + 1/70) = 21 uF with Initial cond. 2+8 =10 V
Parallel: 21, 20, .009 uf = 21+20+0.009= 41 uF with Initial cond. 10 V
Series: 50, 41 uf > 1/(1/50 + 1/41) = 22.5 uF
Parallel: 22.5, 25 uF - 25+22.5 = 47.5 uF  with Initial cond. 5 V
Series: 5, 47.5, 10, 10 uF > 1/(1/5 + 1/47.5+1/10+1/10) = 2.38 uF

with initial Cond. +7+5-9+3 =6V

a

+

6V Ceq=2.38 UF

7U. Calculate the equivalent capacitance with respect to terminals a and b of the following circuit:

10”uF
1
+ 8V - /
- |40 uF
2V T 200 pF
50 uF +
40 uF
a I I
+7V- + i
SV==45 uF
20uF  30UF 150 pF
b +——f——| I
-3V+  +9V- 60 uF
Solution:
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8S. In the following circuit, find the equation for voltage across the current source, v(t) for t = 2 sec.

100 uF I(t)= 50 Sin(1400x%t) mA
| =
- + Vy(2)=2V - + V() - 0.6 mF - 600 uF
V4(2)=3V —_—_— 0.90 mF 210 uF — V4(2)=5V
¥ 0.30 mF ¥
| |
|
+ V3(2)=10V -
Solution:
0.6 mF in Parlallel with 600 uF > Ceq1 =1.20 mF with V=5V
0.9 mF in Series with 0.1 mF > Ceq2 = 0.09 mF with V = 5V
0.09 mF in Parallel with 0.21 mF = Ceq3 = 0.30 mF with V=5V
I(t)= 50 Sin(1400x%t) mA
) v - 120 mF
Veqs=0V _1 S Veqi=5V
—1—0.30 mF [
+ +
0.30 mF
| |
I
+ V=10V -

0.30 mF, 0.30 mF and 1.20 mF are in series > Ceq4 = 0.13 mF withV=10-5+5=10V
I(t)= 50 Sin(1400x%t) mA

V(t)

0.13 mF
| |
| |

+ 10V -

[50%107 *sin(140077)d 7 +v(2)

2

1

lt
) C;[Z(T) T = 53% 100

50*10°°
v(t) =— =
133*%10° *14007
W(t) = —0.085 cos(14007z) —10.085 V/

cos(14007)

L +10
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8U. In the following circuit, find the equation for voltage across the current source, v(t) for t = 5 sec.

100 UF I(t)= 50 Sin(1400nt) MA
| | «—
] \_/
- + Vy(5)=6V - + V) - 0.4 mF - | 200uF
V4(5)=3V —— 0.10 mF —— 00 uF —_— Vu(5)=6V |
* 0.30 mF *
| |
|

+ Vy(5)=4V -

Solution:

8Sb. The two series-connected capacitors are connected to the terminals of a black box at t=0 as shown below.

The resulting current i(t) for t > 0 is known to be 20e™ UA.
a) Replace the original capacitors with an equivalent capacitor and find v,(t) for t > 0.
Find v4(t) for t > 0.

b)
c) Find v,(t) fort> 0.

d) How much energy is delivered to the black box in the time interval 0 < t < w0?
e)

How much energy was initially stored in the series capacitors?

f) How much energy is trapped in the ideal capacitors?
g) Do the solutions for vy and v, agree with the answer obtained in (f)?

w, > [
+
av J— + t=0 4 +

A 3 uF vy
- Vo Black
+ + Box
6V —— 6 uF Vs -

Solution:
a) i(t)=20e"uA t>0
find Ceq and V(1)
(1/Ceq) = (1/C4) + (1/C) > Ceq=2UF

Note again that the current is flowing from negative terminal to positive which means need to have
between | and V relation
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_1’
V. =—\|idt +V,(0
f Ceq! ,(0)

—10° ;
V, = 5 20e” *10°°dt +10

0

V,=10e™ |, +10 =10e™

b)
V()= ——1 _6jzoe-’*10-6dz+4=—§[—e-f];+4=6.67e-’—2.67V
3¥10° ) 3
c)
1 20
Vo) =——— [20e7¥10°dr+6=-="[- e [+ 6 =333 + 2,67
6%10° 6

d) We know from step a that
B
V,=——\idt+V,(0
= Cea j ,(0)

_—10° ¢

V, = 20e” *107°dt +10

0

V,=10¢" [, +10 =10e™

W=(1/2)j10e-f *20e " #10°° =1o-6(100)je—2’ =100*10"°
0 0

W =100 pJoules

e) @t=0
W, =(1/z)cv1(t22 = (1/2)(3*10°)(4)* = 24 pJoules
W, - (Va)evy(t)” =2 = (1/2)(6*10°)(6)° = 108 pJoules
24 uJoules + 108 pdoules = 132 pJoules

f) @ t=w
W= (1/2)CV4(t=00)” = (1/2)(3*10%)(-2.67) = 10.69 pJoules
W= (1/2)CV4(t=00)* = (1/2)(6*10°)(2.67)° = 21.38 pJoules
10.69 pJoules + 21.31 pJoules = 32.0 yJoules

g) 100 pJoules + 32 pdoules = 132 pJoules (Verified)

8Sc. Some lamps are made to turn on or off when the base is touched. These use a one-terminal variation of
the capacitive switch design. Calculate the change in voltage v(t) when a person touches the lamp.
Assume that all capacitors are initially discharged and a person can be modeled with a series of 10 pF and
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100 pF capacitors.

10 pF | i 10 pF |
| [ : i [ i
; i IR :
! L v i
o Vs(t) 10pF == 1 - 100 pF —— :
= — T i
i v i i v i
| Lamp i i Person |
Solution:
Note that capacitors divide voltage as shown below:
V()= LJ-i(t)a’t +Lfi(t)dt E_“““—“““““““(;“““““:
s Cl C2 E 1 :
| | | ! PY
i | oy
V(t)= (i+i) j i(t)dt l L v(t)
’ ¢ G, E vs(t) Co T i )
c.C : —
Jivdr =—==2-v, 1) | :
C +C, . !
: v :
1 C ' |
V(t)=—\i(t)dt =———V (¢ ! :
© sz() C +C, ) tame |

Using the above analysis result fot the circuit when no person touching, only 10 pF goes to ground.
Therefore
v(t) = (10/20) vg(t) =0.5 vg(t)

With figure touching, then the capacitors representing person must be considers. There we have to
calculate the equivalent capacitor to ground:

Ceq=ﬁ+10=19091pF
100 10

v(t) = Lv (1) =0.344v (1)
19.091+10 ° oo

Therefore

Av(t) = 0.156v (1)

9S. For the following circuit find the current through C, for t > 2 s, and the total energy delivered to C,.
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v4(t)= 5e™9%% for t>2s
0 Otherwise

+
B Cs=14 uF

V=12V

t=2s

C,=32 uF

C=18 uF

Solution:
Ves(2) =12V, Veo(2) =0V, Vei(2) =0V

t>2s
Ceq=(18+14)||32=16 uF

i(t) = Cdv/dt = 16 (-20,000 &™) = -0.32 e** A

L ~4000 - -
= — 0 32 t dt+v 2 2 5 40007 —e 8000 +0
Voo C! 32xoj{ bt +v,,(2) = 2.5(e }
2 5 —4000¢ _2 5@78000V
-6
E,, . = %CVZ 20T setom o 50500 gouls
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9U. For the following circuit find the current through C; for t > 5 s, and the total energy delivered to Cs.

v4(t)= 5e™9%% for t>5s
0 Otherwise

Solution:

O

Cs=12 uF

t=56s

C.=20 uF

C2=8 uF

10S. Write an differential equation in term of v,(t) for the following circuit:

10Q

/\/

Vi(t)

vs(t)=25t* V

Joos

— —10uF

Solution:

—25¢7 d '
Use KCL at Node vy(t) > 2220 o Yo qos ey Y L L1 hirii () =0

40 dt 120 0.1 "
d d d? d

0.15x —5t+0.025%+10’5 dv; + 1;0 ;x + val -
Take a derivate of both side => t ! ! )

dv dv

X

> +13,333.33—=+10°v, —5x10°t =0
dt dt

100 mH
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10U. Write an differential equation in term of i,(t) for the following circuit:

100 Q ix(t)
e
/\/
Ve(t)=50 t? V
———25uF

Solution:

10Sb. Use KVL to write a differential equation in terms of iy for the following circuit:

4 KQ
v4(t)= 5e™000t v/ 1 |
1
<~> C=18 uF
15 mH
NN
Solution
6
40004, + 5,400 | 1 5%] (3 dl1 10 .[ g =
derivative :
2. 6
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